Abstract. We estimate, using high-temperature series expansions, the transition temperatures of the spin 
It is well known that in classical spin models, such as as the Ising or classical Heisenberg models, on bipartite lattices the critical temperature (if it exists) is the same for ferromagnetic exchange (Curie temperature) as for antiferromagnetic exchange (Néel temperature). This is a direct consequence of the free energy being an even function of the exchange parameter J. It has also been known for some time, but perhaps less widely, that for the quantum spin- 1 2 Heisenberg model the Curie and Néel temperatures are unequal. Early work [1, 2] put the Néel temperature some 10% above the Curie temperature for spin- 1 2 , for both the simple cubic (SC) and body-centred cubic (BCC) lattices, with the difference decreasing rapidly with increasing S. However these results were based on rather short series (six terms) and the critical point estimates contained large uncertainties.
We have re-investigated this question, using substantially longer series (14th order for S = 1 2 , 12th order for S = 1, 9th order for S =
2
). This is made possible not only by the massive increase in computing power now available, but also by the development of efficient linked-cluster expansion methods. The reader is referred to a recent review [3] for further details of this method.
The Hamiltonian is written in the form
where the S i are spin-S operators, h and h s are uniform and staggered fields, with η i = ±1 on respective sublattices, and the interaction is taken between nearest neighbours ij . J > 0 (< 0) corresponds to the ferromagnet (antiferromagnet). While (1) contains the form of the exchange energy for a real spin-S system, for comparison between different S-values and, in particular, for passage to the classical limit S → ∞, it is convenient to writeJ = JS(S + 1) and to express critical temperatures in units of
The critical temperature k B T c /J is most reliably obtained from the strongly divergent 'ordering' susceptibility in zero field: the uniform susceptibility χ for the ferromagnet or the staggered susceptibility χ s for the antiferromagnet. Hightemperature series for these quantities can be derived in the form
where K = |J|/k B T and the a r are numerical coefficients. The uniform susceptibility for the spin- case is known through order K 14 [4] , for both the SC and BCC lattices. In the present paper we give the staggered susceptibility series to the same order. This represents an addition of six new terms to the previously known series [5] . At the same time we compute uniform and staggered susceptibilities for the S = 1 case, through order K 12 and K 11 respectively, for both lattices, extending the previous series by five terms. We have also calculated the corresponding series for S = 3 2 through order K 9 . For the classical S = ∞ model the susceptibility series is known through K 21 [6] and we will use this series in our comparison. Tables 1, 3 and 2 list the series coefficients, in integer format, for both the SC and BCC lattices. The coefficients are positive and appear to be quite regular, suggesting that the radius of convergence is determined by the physical singularity on the positive real axis (we will return to this point later!) Closer inspection, however, reveals some oscillation, reflecting interference from non-physical singularities near the circle of convergence. Although we do not base our analysis on this, it is instructive to see a ratio plot [7] . We show such a plot in Figure 1 . Looking at the SC lattice first, it is evident that the S = series, in particular, shows a strong 4-term oscillation. This results from a pair of singularities on, or near, the imaginary axis, near the circle of convergence. The S = 1 series are much more regular and, qualitatively, look quite similar to the S = ∞ case. The BCC series are rather regular, even for S = . There is a 2-term oscillation in all series, which is characteristic of bipartite lattices. Apart from the S = 1 2 (SC) case, resonable estimates of the Curie and Néel temperatures can be made visually. Unless something totally unexpected were to occur at higher orders, it seems clear that the Néel temperature exceeds the Curie temperature for both S = and S = 1 (remembering that the intercept on the ordinate axis is k B T c /J). The very similar limiting slope of the different plots is consistent with the universality expectation that all quantities diverge with the same exponent γ.
To obtain more accurate estimates of the critical parameters we turn to Padé approximants [7] . Tables 4, 5 give estimates of the critical point K C and exponent γ, assuming a normal power-law singularity
obtained from high-order Padé approximants to the logarithmic derivative series. Different approximants give quite consistent results and we summarize the overall estimates of the critical temperature in Table 6 . The exponent estimates from the highest approximants are around 1.42 (S = .
With our longer series we are also able, for the first time, to estimate values for the amplitudes C 0 of the leading singular term (3). This is done in two ways. The first is to use the estimates of K C , γ obtained previously, form the series for
and evaluate Padé approximants to this series at K C . The second is to compute the series for
Padé approximants to this series should have a simple pole at K C with residue K C C 1/γ 0 . Both methods give consistent results. We give in Table 6 our best estimates and error. As usual with series analysis, these are not true statistical errors but only confidence limits based on the spread of results. As can be seen from Table 6 , these amplitudes are all of order 1 and show a decrease of some 30% on going from S = to S = ∞, with the antiferromagnetic amplitude some 5% smaller than the ferromagnetic one.
The conclusion that the Curie temperature T C is lower than the Néel temperature T N has a puzzling consequence, as has been remarked on before [2] . Assuming that the ferromagnetic susceptibility χ(K) also has a weak, energy like singularity at −K N (K N < K C ), as is known to be the case for the Ising model, means that the radius of convergence of the series is |K N |. Hence the series coefficients must, at some point, begin to alternate in sign. To check this point further we follow the procedure of Baker et al. [8] , in seeking evidence for a singularity at −K N in the uniform susceptibility, and at −K C in the staggered susceptibility. To this end we form the series for
and
The first step substracts out the dominant physical singularity from the logarithmic derivative series. This series is expected to have a weak singularity at the corresponding Néel or Curie point. The final differentiation is to strengthen this singularity In Table  7 we show estimates of the location of this secondary singularity and the corresponding residue for the S = series on the BCC lattice. As is clear, the series F (K) shows a consistent pole at K ≃ −0.72, consistent with the direct estimate of K N (Table 4) . Similarly the series F s (K) shows a consistent pole at K ≃ −0.799, consistent with the direct estimate of K C (Table 4 ). These numerical estimates will, of course, depend on the choice made for K C , K N , γ in Eqs. (7) and (8) , but are found to be relatively insensitive to this choice. We have not repeated this analysis for the SC case or for S = 1, 0  1  1  1  8  16  2  96  320  3  1664  8192  4  36800  248768  5  1008768  8919296  6  32626560  367854720  7  1221399040  17216475136  8  51734584320  899434884096  9  2459086364672  51925815320576  10  129082499311616  3280345760086016  11  7432690738003968  225270705859919872  12  464885622793134080  16704037174526894080  13  31456185663820136448  1330557135528577925120  14 2284815238218471260160 113282648639921512955904 Table 2 . Series for χ and χ s for spin-1. To avoid fractions a multiplier 3 n+1 n!/2 (3 n+1 (n + 1)!/2) has been used for χ (χ s ) series, where n is the power of K.
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Simple Cubic Lattice S = Figure 1 . Ratio plots for the uniform and staggered susceptibilities for the SC and BCC lattices (as indicated) for S = 1 2 , 1, ∞. The ratios are defined for the series in the variablesK = JS(S + 1)/k B T , or equivalently r n = a n /(S(S + 1)a n−1 ) where a n are the coefficients of the K-series (2).
